Measuring the M th-order intensity correlation function of light emitted by two statistically independent thermal light sources may display N00N-like interferences of arbitrary order N = M/2. We show that via a particular choice of detector positions one can isolate M -photon quantum paths where either all M photons are emitted from the same source or M/2 photons are collectively emitted by both sources. The latter superposition displays N00N-like oscillations with N = M/2 which may serve, e.g., in astronomy, for imaging two distant thermal sources with M/2-fold increased resolution. We also discuss slightly modified detection schemes improving the visibility of the N00N-like interference pattern and present measurements verifying the theoretical predictions.
I. INTRODUCTION
N00N-states describe the collective propagation of N identical particles in a two-path interferometer according to the superposition [1] 
where the single particle phase ϕ is enhanced by the factor N leading to an effective de Broglie wavelength of λ/N . Given a N00N-state, the N particle absorption rate G (N ) (r, . . . , r) ∝ 1 + cos N ϕ exhibits a fringe spacing N times as narrow as the one obtained for a single particle in the same interferometer.
Since its first introduction in 1989 [2] , various aspects of N00N-states have been explored, leading to numerous proposals and applications for quantum-enhanced measurements. For example, superresolution [3] and phase supersensitivity [4] have been studied in the context of quantum lithography [1, 5, 6] , quantum metrology [7] [8] [9] [10] , and quantum imaging [3, 4, 11, 12] . The interest in producing photonic N00N-states by superconducting systems [13] [14] [15] [16] [17] led recently to a proposal to generate double N00N-states [18] . Also other quantum systems have been explored, leading to atomic N00N-states [19] [20] [21] [22] , spin N00N-states [23] , and even mechanical N00N states, implemented by entangling two mechanical microresonators [24, 25] . N00N-states have been further examined in the context of fundamental investigations of quantum mechanics [26] [27] [28] . Yet, both the realization and the detection of genuine N00N-states with a high particle number N remains a challenge, being limited so far to a maximum of N = 9 particles [29] [30] [31] .
In a different approach, it has been demonstrated that N00N-like modulations can also be produced by synthesizing patterns from sequential measurements by use of coherent light fields [32] [33] [34] . It has further been * daniel.bhatti@fau. de shown that N00N-like fringe patterns can be obtained by measuring the Kth-order intensity correlation function G
(K)
K TLS (r 1 , . . . , r K ) of light (with K = N + 1) emitted by K thermal light sources (TLS), positioned equidistantly along a line at distances d λ = 2π/k [3] (see Fig. 1 ). Here, for K − 1 detectors located at the so-called magic positions
the Kth-order intensity correlation as a function of δ 1 = kd sin θ 1 takes the form [3] 
with a visibility V K−1 < 1.
In a follow-up investigation it was revealed that for an arbitrary arrangement of K TLS on a grid with lattice constant d and by placing M − 1 detectors at the magic positions, the M th-order intensity correlation function G (M ) K TLS (δ 1 ) as a function of δ 1 oscillates only at selected spatial frequencies f i of the source arrangement, namely at those for which f i x 1 = κ(M − 1)δ 1 , κ ∈ Z [35, 36] . In this case, the M th-order intensity correlation function can take the form
with V κ(M −1) < 1. From the above condition for the spatial frequencies f i , it can readily be seen that the fastest modulation of G
d denotes the separation of the two outer sources), identical to the frequency of Eq. (3) .
In this paper we show that by use of only two TLS an arbitrarily fast sinusoidal oscillation of the M th-order intensity correlation function G (M ) 2 TLS can be obtained. This happens when M 2 detectors are located at the magic positions and -instead of a single moving detector -M 1 ≥ M 2 moving detectors are employed, with
In particular, we demonstrate that for two different detector configurations we can achieve N00N-like oscillations with N = M 2 , for arbitrary N ∈ N. This may arXiv:1809.09378v1 [quant-ph] 25 Sep 2018
serve, e.g., in astronomy, for imaging two distant thermal sources with M 2 -fold increased resolution.
The paper is organized as follows: in Sect. II we present the investigated setup and introduce the M th-order intensity correlation function in the far field of K equidistantly aligned TLS, rewriting the correlation function in terms of the final quantum states of the TLS [35] . In Sect. III we show that by use of only two TLS and employing two sets of detectors, i.e., M 1 = M/2 moving detectors plus M 2 = M/2 fixed detectors, the M th-order intensity correlation function displays N00N-like oscillations of arbitrary order N = M/2. We explain this behavior in a quantum path picture demonstrating that only those M -photon quantum paths contribute to the interference signal for which the detected photons are emitted in a N00N-like manner. In Sect. IV we discuss a slightly modified setup, employing M 2 fixed detectors and M 1 ≥ M 2 moving detectors with M = M 1 + M 2 , to produce identical interference patterns, however, with an increased visibility. In Sect. V we investigate the projected density matrix of the two TLS after the first M 2 photons have been recorded and compare it to the quantum mechanical N00N-state with N = M 2 . Experimental results of N00N-like interferences for the setup featured in Sect. IV are presented in Sect. VI and the increase in resolution is discussed in Sect. VII. We finally present our conclusions in Sect. VIII.
II. M TH-ORDER INTENSITY CORRELATION FUNCTION
For K light sources, the coincident spatial M th-order intensity correlation function is defined as [37] 
where :Â :
denotes the (normally ordered) quantum mechanical expectation value of an operatorÂ for a field in the state ρ K . In Eq. (5), the positive and negative frequency part of the electric field operators at position r j , j = 1, . . . , M , in the far field of the sources,Ê (+) (r j ) andÊ (−) (r j ), respectively, are given by [35] 
whereâ l describes the bosonic annihilation operator for a photon emitted from source l. We assume the sources to be equidistantly arranged along the x axis at the posi- Fig. 1 ), with an intersource distance d λ such that any interaction between the sources can be neglected. The optical phase α l δ j accumulated by a photon emitted from source l at R l and detected at r j relative to a photon emitted at R 1 is given in the far-field limit by
where α l corresponds to the relative distances between the first and the lth source in units of d, i.e., α l = l − 1 (see Table I ). Plugging Eq. (6) into Eq. (5) the M th-order correlation function calculates to [35] 
where {n l } runs over all possible M -photon distributions {n l } = {n 1 , . . . , n K } among the K sources, i.e., over all partitionings of the M photons when assigned to the emitting sources such that K l=1 n l = M . Here, each partitioning {n l } describes a certain final state, whereas X {n l } denotes the statistical loading according to the light statistics of the light field ρ K TLS . In Eq. (8), P {α l } is the permutation over all phase prefactors α l representing all different yet indistinguishable M -photon quantum paths that result from a specific final state {n l } [35, 38] . Note that each thermal source can emit an arbitrary number of photons. Consequently, the complete set of phase prefactors reads {α l } = {α 1 , . . . , α 1 , α 2 , . . . , α K , . . . , α K }, where each phase prefactor α l (l = 1, . . . , K) is contained n l times, what corresponds to n l photons being emitted by the lth source (see Table I ). 
while a second set of M/2 detectors are placed at the so-called moving magic positions (MMP)
In this case, the M th-order correlation function calculates to [cf. Eq. (8)]
where the sum over all M -photon quantum paths P {α l } of Eq. (8) has been restructured by first dividing the M photons into two subgroups of M/2 photons, each with phase prefactors {β k } and {γ k } and cardinality |{β k }| = |{γ k }| = M/2 [see the sum in line 2 of Eq. (11)], and then permuting these new groups of phase prefactors to consider all M -photon quantum paths. Note that for a particular final state {n l } the sum P {β k } in line 3 of Eq. (11) denotes all possibilities of M/2-photons to be detected at the MMP, while the sum P {γ k } in line 4 of Eq. (11) denotes all possibilities of M/2-photons to be recorded at the MP. In Ref. [35] it has been shown that in line 4 of Eq. (11) the particular sum over all permutations of M/2 phase prefactors P {γ k } with M/2 detectors at the MP can only be unequal to zero if M/2 j=1 γ kj = 0, mod(M/2). This can only be fulfilled if all M/2 photons appearing in the sum are emitted from the same source, either source 1 or source 2, i.e., all γ kj either take the value γ kj = 0 or γ kj = 1. All other M/2-photon quantum paths vanish. In the case that all M/2 photons appearing in the sum are emitted from source 1, i.e., γ kj = 0, the sum yields
whereas in the other case that all M/2 photons are emitted from source 2, i.e., γ kj = 1, the sum yields ±1, depending on the number of detectors M/2 being even or odd
To calculate in line 3 of Eq. (11) the remaining sum over all permutations of phase prefactors {β k } with M/2 detectors at the MMP, it is helpful to factorize the global phase (β k1 +· · ·+β k M/2 )δ 1 , so that the sum becomes identical to the already discussed sum {γ k } [with identical results of Eqs. (12) and (13)]. This means that for the set of moving detectors δ 1,j , the same conditions hold as for the set of fixed detectors δ j , i.e., for a non-vanishing contribution either the first source or the second source has emitted all M/2 photons, detected at the MP or the MMP, respectively. Considering now all M recorded photons, it follows that only two partitions can lead to a valid measurement event: a) all M photons are emitted from the same source, i.e., either all photons from source 1 or all photons from source 2 (see Fig. 2a ), or b) M/2 photons are emitted from source 1 and M/2 photons from source 2 (see Fig. 2b ). Altogether the partitions in a) and b) describe four distinct M -photon quantum paths that contribute to the measured M th-order correlation signal. Here, the two possibilities from a) belong to two distinguishable final states and thus have to be added incoherently, whereas the two different yet indistinguishable possibilities from b) belong to a single identical final state and thus have to be added coherently.
In the simplest case of M = 2 detectors, one fixed and one moving, the resulting modulations are well known from the landmark Hanbury Brown and Twiss (HBT) experiment [39] [40] [41] , i.e., stemming from the interference of two different yet indistinguishable 2-photon quantum paths [38, 42, 43] . For M > 2, however, the predicted M -photon quantum path interferences lead to N00N-like modulations with N = M/2. This will be discussed in the following.
By use of Eqs. (12) and (13), the M th-order correlation function of Eq. (11) calculates to
Again, setting M = 2 in Eq. (14), we find for the interference term the well-known modulation cos(δ 1 ) with a visibility of V 2 = 1/3, as in the original HBT experiment [39] [40] [41] . However, for M > 2, we obtain a modulation cos[(M/2)δ 1 ], being M/2 times as fast as the modulation of the HBT experiment, i.e., a fringe pattern of identical shape as a N00N-type oscillation with
Note that in contrast to the results of Refs. [3, 35] , where the sinusoidal modulation ∼ K − 1 = N of the Kth-order correlation function is produced by K TLS [cf. Eq. (3)], we obtain here a modulation of arbitrary order M/2 = N by using only two TLS. The difference arises, since in Refs. [3, 35] projective measurements of photons at the MP are used to isolate within the Kth-order correlation function only those interference terms appearing b) between the two outer sources, separated by a distance (K − 1)d. In contrast, in the present setup, the measurement of photons at the MP and the MMP are used to isolate within the M th-order correlation function those interference terms for which each of the two sources emits M/2 photons collectively propagating to one of the two detector sets (see Fig. 2b ). Note that the corresponding quantum state producing the identical interference in the M th-order correlation function (yet with a visibility of 100%) by use of the same detection scheme is the twin fock state |M/2, M/2 [9] . Indeed if we plugged this quantum state into Eq. (11), we would exclusively obtain the quantum paths of Fig. 2b . In comparison to the quantum mechanical N00N-states [1, 2] , the visibility V M of the N00N-like interferences obtained in the present setup is reduced. This is due to the contributing partitions where all M photons are emitted from the same source (see Fig. 2a ). According to Eq. (14), the visibility is given by
Explicitly, up to the orders M = 2, . . . , 10,
IV. SETUP 2: M2 FIXED DETECTORS AT MAGIC POSITIONS, M1 MOVING DETECTORS
AT THE SAME POSITION Next, let us investigate the configuration where out of the M detectors used to measure the M th-order intensity correlation function M 1 detectors are located at the same position δ 1 and M 2 ≤ M 1 detectors are placed at the MP, with M = M 1 + M 2 . This configuration can be used to increase the visibility of the M th-order correlation function.
To see this in more detail, we rewrite in Eq. (8) in the third line the absolute square in terms of the fixed detector phases δ 2 , . . . , δ M2+1 . We thus obtain
Analogous to the argumentation of Sect. III, we can make use of the fact that the sum over all permutations P {γ k } with M 2 detectors at the MP can only be unequal to zero if M2 j=1 γ kj = 0, mod(M 2 ), i.e., all γ kj either take the value γ kj = 0 or γ kj = 1, with j = 1, . . . , M 2 [35] . Again, this means that all M 2 photons recorded simultaneously by the detectors at the MP have to be emitted by the same source (see Fig. 3a ). If all photons are emitted by source 1, i.e., γ kj = 0, the sum yields +1, whereas if all photons are emitted by source 2, i.e., γ kj = 1, the sum yields ±1, depending on the number of detectors M 2 [see Eq. (12) and (13), respectively].
Making use of the information about the M 2 fixed detectors placed at the MP, Eq. (16) can thus be rewritten in the form
where the phase prefactors α 1 = 0 and α 2 = 1 have been employed and n1+n2=M denotes the sum over all possibilities to distribute the total number of M photons among the two sources (see Table I ). From Eq. (17) it can be seen that interferences arise only if n 1 ≥ M 2 and n 2 ≥ M 2 , while other M -photon quantum paths yield a constant contribution. The interfering M -photon quantum paths are depicted in Fig. 3b . Expanding the absolute square in Eq. (17), we finally obtain where the constant term C 1 is given by
and C 2 describing the prefactor of the interference term reads
The fact that interferences arise only if n 1 ≥ M 2 and n 2 ≥ M 2 implies that M 1 ≥ M 2 moving detectors are required -in addition to the M 2 fixed detectors at the MP -to produce a modulation of order M 2 . In fact, as shown in Fig. 3b , the interferences effectively result from (2M 2 )-photon quantum paths, where M 2 photons are emitted from source 1 and M 2 photons are emitted from source 2, similar as in setup 1 presented in Sect. III, with M 1 = M 2 . However, in setup 2 an additional number of photons M 1 −M 2 has to be recorded by the detectors placed at δ 1 , which can be emitted by source 1 or source 2, without any further restriction. Thereby, new indistinguishable M -photon quantum paths arise which add to the same interference pattern, where the visibility is increased with every additional detector. This allows for setup 2 to exceed the visibility of setup 1, where the latter is given by Eq. (15) .
In the case of M 2 = 2 detectors at the MP and M 1 moving detectors at δ 1 it is possible to calculate the M thorder correlation function G (2+M1) 2 TLS of Eq. (18) in an explicit form. One obtains
with a visibility given by
Comparing V 2+M1 for M 1 moving detectors at the same position δ 1 to the visibility V 4 = 1/7 of setup 1 [cf.
Eq (15)], where 2 detectors are placed at the MMP δ 1 and δ 1 + π, respectively, we see that V 2+M1 > V 4 already for M 1 ≥ 3 moving detectors.
For higher numbers of detectors, i.e., M 2 > 2, the M th-order correlation function can not be written in a simple analytic form [see Eqs. (18)- (20)]. However, it can be calculated how many moving detectors are required for setup 2 to exceed the visibilities of setup 1: In the cases of M 2 = 2, 3, 4, 5 fixed detectors one would have to use at least M 1 = 3, 5, 6, 7 moving detectors at the same position, respectively.
V. N00N-LIKE STATES FOR CLASSICAL SOURCES
In previous work we have identified an isomorphism between G
, where, starting from a light field ρ K generated by K quantum or classical light sources, the M th-order correlation function can be written as [38, 44, 45 ] 
.
For the two setups presented in Sects. III and IV, we adjust the isomorphism and employ it for the first M 2 photon detections at the MP and the subsequent M 1 photon detections at the moving detectors (MD). Note that in setup 1 we have M 1 = M 2 = M/2 at the MP and the MMP, respectively, while in setup 2 we have M 2 detectors at the MP, and M 1 ≥ M 2 detectors at the moving position δ 1 . Independent of the setup we can thus write
where the stateρ
after the detection of the first M 2 photons at the MP takes the form
By using the definitions forÊ (+) (δ j ) andÊ (−) (δ j ) of Eq. (6) for K = 2 TLS one can calculate the products in Eq. (26) explicitly to obtain
where the first sum in the last line of Eq. (27) runs over all possibilities of m 1 and m 2 to fulfill m 1 +m 2 = M 2 , and the second sum runs over all permutations P of the set {α k } = {α k1 , . . . , α k M 2 } containing m 1 times the phase prefactor α 1 = 0 and m 2 times the phase prefactor α 2 = 1. However, as we have seen in Sects. III and IV, this specific sum with M 2 detectors at the MP can only be unequal to zero if m 1 = M 2 and m 2 = 0, or m 1 = 0 and m 2 = M 2 , i.e., all photon annihilation operators have to act on the same source. By use of Eqs. (12) and (13) we thus obtain
Plugging Eq. (28) into Eq. (26) the projected stateρ
of the two TLS after M 2 photons have been detected at the MP takes the form
For M 2 = 1 this state becomes identical to the superradiant case discussed in [45] . For M 2 ≥ 2 we see that besides the diagonal terms characterizing the thermal nature of the density matrix only two further nondiagonal terms appear. Performing a subsequent G (M1) measurement with M 1 = M 2 moving detectors, we find that exactly these two nondiagonal terms are responsible for the M 2 -photon interferences leading to the N00N-like modulation with N = M 2 (see also Figs. 2 and 3) . Consequently, the state given in Eq. (29) can be interpreted as the classical analog to the quantum mechanical N00N-state.
VI. EXPERIMENTAL RESULTS
To verify the theoretical predictions, in particular of setup 2 presented in Sect. IV, we evaluated higher-order intensity correlation functions of light fields originating from two independent pseudothermal light sources.
To that aim we used linearly polarized light from a frequency-doubled Nd:YAG laser at λ = 532 nm scattered from a rotating ground glass disc to produce a spatially and temporally varying speckle field with thermal statistics [47] . The rotation speed of the ground glass disc was chosen to create a second-order coherence time of τ c ≈ 50 ms. We utilzed this light to illuminate a double slit mask such that the slits acted as two statistically independent pseudothermal light sources. The two identical slits of width a = 25 µm and separation d = 200 µm produced sufficient light to work in the high intensity regime. With this setup we recorded a series of ∼ 10 4 speckle images in the far field of the mask utilizing a conventional digital camera with an integration time τ i ≈ 1 ms τ c [46] . From these images we evaluated the normalized M th-order correlation functions g (21) and (22)]. In the case of M 1 = 1 < M 2 = 2 ( Fig. 5a ) no modulation is visible, whereby a clear modulation cos(2δ 1 ) appears for M 1 = 2 (Fig. 5b) . The cosine modulation increases in visibility when increasing M 1 = 3, 4, 5 ( Fig. 5c-e) , in excellent agreement with the theory. 2 TLS (δ 1 , . . . , δ 1 ; 0, 2π/3, 4π/3) with M 1 = 2, . . . , 6. Again, for M 1 = 2 < M 2 = 3, no modulation arises [see Fig. 6a ]. Only for M 1 ≥ 3 moving detectors the predicted modulation cos(3δ 1 ) appears, where the visibility increases anew with increasing the number of moving detectors (see Fig. 6b-e) . Again, the measurements are in good agreement with the theoretical predictions. The small deviations can be explained by the finite extent of the slits, leading to a more involved envelope function, and the discrete pixel size of the digital camera, impeding the precise choice of the MP (for a detailed discussion see Refs. [35, 36] ). 
VII. DISCUSSION
For first-order coherent diffraction or second-order HBT intensity interferometry a two-emitter geometry as considered in this paper yields in the Fourier plane the modulation cos(δ 1 ) [48] . According to Abbe's resolution limit of classical optics [49, 50] , in order to resolve the two emitters, two adjacent diffraction maxima need to be captured in the Fourier plane by the numerical aperture of the imaging device, which for a modulation cos(δ 1 ) corresponds to δ 1 ∈ [0, 2π] (in phase units). By contrast, the detection schemes discussed in Sects. III and IV generate for the same emitter geometry in the Fourier plane modulations of the form cos(M 2 δ 1 ) [see Eq. (18)]. According to the classical resolution limit, the faster modulations reduce the required numerical aperture by the factor M 2 , i.e., the resolution power is M 2 -fold enhanced.
In previous approaches we discussed detector configurations enabling the filtering of the fastest modulations that are contained in the Fourier spectrum of the source geometry, equally leading to sub-Abbe resolution [3, 35, 36] . By contrast, in the present scheme, we do not rely on a filtering mechanism but produce true N00N-like modulations with an effectively M 2 -fold reduced de Broglie wavelength. This is due to the isolation of the M-photon quantum paths discussed in Sect. IV where each TLS effectively emits M 2 photons that collectively propagate to the two different sets of detectors.
The approach bears the potential to increase the resolution in lens-less far-field imaging, relevant for, e.g., astronomy or other fields of research where lenses cannot be employed. For example, a double-star system could be imaged with two-fold enhanced resolution and a visibility V 2+M1 (approaching unity for increased M 1 ) when measuring G (2+M1) 2 TLS (δ 1 , . . . , δ 1 ; 0, π) compared to a simple HBT measurement G (2) 2 TLS (δ 1 , 0) with a maximum visibility V 2 = 1/3 [see Eqs. (21), (22) and (3), respectively]. In the future, the approach might be extended to more than two emitters by carefully tailoring appropriate detection schemes so that quantum paths are isolated such that photons from each emitter collectively propagate toward different sets of detectors.
We finally note that unlike previous implementations that produce N00N-like modulations in first-order intensity correlations via appropriate superpositions of coherent light fields [32] [33] [34] we consider in this paper self-luminous and statistically independent incoherent sources. For these sources the first-order intensity correlation function yields a constant, and it is only the spatial intensity correlations of higher order that reveal structural information about the extension and location of the sources.
VIII. CONCLUSION
In conclusion we have shown in this paper that for a system of two TLS N00N-like interferences of arbitrary order N = M 2 can be produced via measurement of higher-order intensity correlation functions. In particular, we demonstrated that by recording M 2 photons at fixed so-called magic positions [see Eq. (9)] the two TLS are projected into a highly correlated classical N00N-state [see Eq. (29)] displaying a similar structure as its quantum mechanical counterpart with identical quantum path interferences. Subsequently measuring coincidentally M 1 ≥ M 2 photons with M 1 moving detectors, the classical N00N state displays N00N-like interferences of order N = M 2 . Two different schemes for such M 1 + M 2 = M th-order correlation measurement were discussed in Sects. III and IV and corresponding experimental results were presented in Sect. VI for N = 2, and N = 3, in excellent agreement with the theoretical predictions.
The algorithms presented in this paper could be of interest for any lens-less far-field imaging scheme, e.g., in astronomy where recent investigations of HBT measurements revived the field of intensity interferometry for the observation of distant stars [51] [52] [53] [54] [55] [56] [57] [58] . In particular, the possibility to increase the resolution in intensity interferometry by use of higher-order correlation measurements with detectors at specific positions might be of interest in this context.
We close in noting that setup 2 discussed in Sect. IV could also be of use for lithography. By sending the light of two TLS on a beam splitter and performing a projective measurement of M 2 photons in one of the two output ports of the beam splitter would lead to a highly modulated M 1 -photon interference pattern in the other output port. Letting the modulated light field in the second output port impinge on a M 1 -photon resist (with M 1 ≥ M 2 ) would produce a highly modulated N00N-state interference pattern with N = M 2 [see Eq. (21)].
